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Diffusion with evolving sources and competing sinks: Development of angiogenesis

M. Scalerandi and B. Capogrosso Sansone
INFM, Dipartimento di Fisica, Politecnico di Torino, Torino, Italy

C. A. Condat
FaMAF, Universidad Nacional de Co´rdoba, 5000-Co´rdoba, Argentina

and Department of Physics, University of Puerto Rico, Mayagu¨ez 00681, Puerto Rico
~Received 27 July 2001; published 14 December 2001!

Tumors ensure their long-time growth by emitting molecular messengers that induce cellular modifications
in neighboring capillaries. These modifications are conducive to the enlargement of the vascular system
feeding the tumor. This phenomenon, termed angiogenesis, is controlled by the diffusion and competitive
trapping of nutrients and molecular messengers by several cell species. The number, location, and properties of
these traps change continuously. The angiogenic process also implies that nutrient sources are time dependent.
Starting from assumptions at the cellular level, we formulate a mathematical model that predicts the evolution
of angiogenesis and the increase in the blood flow to the tumor. The model also predicts the emergence of
directed growth and the possibility of therapeutical synergy. Simulations permit a careful analysis of the
influence of the main parameters.

DOI: 10.1103/PhysRevE.65.011902 PACS number~s!: 87.10.1e, 02.60.Cb
c
nt
s
if
illy
ce
as
be
lla
hu

o
fu
y

d
r

l
en
ra
n-
ie

at
en
th
h
lo

th
ar
a
tu
tio

eir
n-
it
cer
to

gers
-
n-
-

the

ries
e.
m
or-
f
ivi-

the
nd
ssel
a

on-

s in

r-
ay
nd
or.
the

lial
-
pes
rce,
be-
I. INTRODUCTION

A frustrating element in the fight against cancer is a
quired drug resistance, which is found in 30% of all patie
undergoing chemotherapy@1#. Acquired drug resistance i
generated by the ability of cancer cells to adapt and mod
In 1997, a paper by Boehm, Folkman, Browder, and O’Re
@2# showed that a very promising avenue to treat can
would be to inhibit angiogenesis, i.e., the growth of the v
cular system feeding the tumor. This possibility arises
cause endothelial cells, the progenitors of the new capi
ies, are genetically more stable than tumor cells, and t
much less capable of acquiring drug resistance@1#. Vascular
growth is not only generally necessary for the growth
primary tumors, but it is also a condition for the success
implantation of metastases@3#. Indeed, microvessel densit
is a significant prognostic indicator@4#. Therefore, it is not
surprising that there is now intense experimental activity
rected at characterizing and optimizing antiangiogenic the
pies and procedures@5–13#. Crucially, animal experimenta
models suggest that the synergistic interaction of differ
inhibitors may pave the way for effective anticancer the
pies@5,7,10#. In this context, we note that different angioge
esis inhibitors have been found to have different efficac
depending on the angiogenesis stage being targeted@10#. It
would be therefore profitable to have a manageable m
ematical model that permitted the visualization of angiog
esis and the evaluation of the influence of variations in
relevant parameters. We have recently developed suc
model, indicating how therapeutical synergy may deve
and how directional growth may emerge@14#. In this paper
we perform a careful analysis of the model, investigating
importance and meaning of various parameters, particul
for what concerns the reasons for the eventual failure of
giogenesis, and presenting a more detailed physical pic
We also include and discuss the full set of discrete itera
equations that we use to implement the model.
1063-651X/2001/65~1!/011902~9!/$20.00 65 0119
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In the early stages of cancer growth, tumor cells take th
oxygen and nutrients directly from their immediate enviro
ment. These cells multiply and the tumor grows. When
reaches a size of a few milimeters, or even before, can
cells, which compete for the available nutrients, begin
starve. They release one or more molecular messen
@4,15#, which we will generally refer to as ‘‘tumor angio
genic factors’’~TAFs!. Two very studied angiogenic messe
gers are fibroblast growth factor~FGF! and vascular endo
thelial growth factor ~VEGF!—the interaction between
VEGF and its receptor on the cell surface being central to
evolution of the embryonic vascular system@11,12#. These
messengers signal the endothelial cells lining the capilla
in the tumor vicinity that they must reproduce and mov
Following their instructions, these cells combine to for
sprouts, which grow and rearrange to extend the tum
feeding structure@16#. The remodeling and consolidation o
this structure is accompanied by the enlargement and d
sion of preexisting vessels, which ensure the ability of
capillary net to feed the tumor. After rearrangement a
pruning, the emerging vascular net resembles a mature ve
system@16#. The tumor, now well fed, resumes growth at
fast rate.

Several models have been recently developed for the n
vascular stage of cancer growth@17–24#. In our own model
we stressed the importance of the competition for nutrient
determining tumor morphology and growth rate@21#. Here
we will show that competition for nutrients is also a dete
minant for vascular growth. As a rule, there will be a del
between the start of the TAF diffusion into healthy tissue a
the increase in the amount of nutrient reaching the tum
This delay is due to various cellular processes needed for
expansion and consolidation of the capillary net. Endothe
cells ~ECs! evolve to fulfill different roles during angiogen
esis. According to their function, we can consider three ty
of ECs: detached ECs that migrate towards the TAF sou
coalescing ECs that form unstable sprouts, and ECs that
©2001 The American Physical Society02-1
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long to stable, blood-transporting vessels. We will consi
these three populations separately, introducing explicit ru
for the transformations between species. Different cell s
cies will compete for nutrients and for the TAF.

In 1991, Stokes, Lauffenburger, and Williams formulat
an angiogenesis model in which sprouts grew following
path of a single migrating cell@25#. They showed that, in a
purely dynamic model, chemotaxis is needed to orient v
cular growth towards the tumor. In this paper we will sho
that new vessels grow in the direction of the tumor even
the absence of chemotaxis, if we take into account the eff
of the TAF on nutrient utilization: the TAF modifies som
cellular processes, redirecting the use of energy and favo
reproduction~i.e., acting as a growth factor!. Therefore, re-
production rates will tend to be higher in regions contain
higher TAF concentrations. As a consequence, the TAF
haves as a mitogenic factor and then, even if no bias is
plicitly introduced for cell transport, the capillary net grow
towards the tumor.

In their recent work, Holmes and Sleeman analyzed
detail the influence of mechanical factors, notably cellu
traction and viscoelasticity, on the development of angiog
esis @26#. In this paper we adopt a different point of view
examining how the competition between the various cell s
cies for the TAF and nutrients impacts the developmen
the extended vascular net, whereas pressure is expli
taken into account only as an inhibitor of cell reproductio
We will not be interested in predicting a detailed vascu
configuration, which would not be very useful in any ca
but on providing averaged predictions for the spatiotempo
dependence of cell concentrations and for the angiogen
induced increase in the amount of nutrient available to
tumor.

Since different angiogenic inhibitors are likely to act up
different stages of the angiogenic process@10#, it is reason-
able to think that their action modifies different model p
rameters. We have explored how the variation of some of
most relevant parameters influences the evolution of the
cular system feeding the tumor. To optimize this proc
would mean to increase the transport of nutrients to the
mor as much as possible with as little an expenditure
possible on the expanded vascular system. We will cha
terize the success of the process by defining an angiog
efficiency.

In principle, the physical problem is daunting: We ha
two diffusing species, the nutrients and the TAF. Both can
trapped by various cell types: nutrients by all cells and
TAF by the three EC species. Migrating ECs are really m
ing sinks that carry the absorbed nutrient along@27#. Cellular
division and death imply the nonconservation of the s
number and the partition of the energetic resources, whe
cell transformations imply that nutrients~and energy! flow
from one cell species to another. Additionally, sources
time dependent, because the number and distribution
blood-transporting vessels changes with time. Although
theory of trapping kinetics under various conditions has
vanced a great deal in the last few years@28#, the problem
presented here is certainly unmanageable by analytic t
niques. Fortunately, the model equations can be constru
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in a form suitable for their computational solution using t
local interaction simulation approach~LISA! @29,30#. In this
approach, the model is directly implemented in terms of d
crete iteration equations, which allows for its easy adapta
to different situations and geometric constraints.

II. THE MODEL

Blood vessels that initially run in the tumor vicinity wil
be assumed to be the initial sources of mobile endothe
cells. After the extended vascular net has grown in suc
way that the tumoral cells become again sufficiently ir
gated, they interrupt TAF production and the vascular
evolves towards its final configuration. Of course, once
tumor increases its volume substantially, new vascu
growth is likely to be required, and there will be a contin
ous feedback between growing tumor and augmented va
lar system. Our angiogenesis model will describe the ini
stages of vascular growth. It is built upon the following a
sumptions@14#.

~a! Starving tumor cells generate the TAF.
~b! The TAF diffuses in the region surrounding the tum

and signals the ECs to move and reproduce. New ECsc1)
can also migrate and reproduce. Chemotaxis is not explic
introduced.

~c! Mobile ECs (c1) can coalesce in tubes and sprou
forming temporary structures. We consider tube-formi
cells as members of a new species (c2).

~d! Once the local EC concentration is sufficiently hig
the structures stabilize and become blood transporting. C
belonging to permanent structures will be labeledc3. Vessel
connectivity must be ensured, i.e., the transformationc2
→c3 is allowed only when there are preexistingc3 cells in
the immediate neighborhood.

~e! Energy utilization is redirected in ECs detached fro
vessels, facilitating reproduction. ECs may reproduce if th
contain enough stored energy. Daughter cells always be
to thec1 species.

~f! TAF generation is inhibited once the total nutrie
reaching the tumor surpasses a certain threshold.

~g! Healthy nonendothelial cells~HNECs! play a passive
role and are represented by a constant, uniform nutrient s

To implement the model, we consider a piece of tiss
which we discretize into identical elements. Each elemen
represented by a nodeiW located at its center. Cells belongin
to four different populations may occupy elementiW at timet;
in addition to a fixed numberc0( iW) of HNECs, we may have
three endothelial cell types: Detached~or free! cells that may
migrate through the tissue@c1

t ( iW)#, cells belonging to tubes

without blood flow @c2
t ( iW)#, and cells belonging to blood

conducting vessels@c3
t ( iW)#. We also associate with eac

node the concentrationsv t( iW) of the TAF andpt( iW) of free
nutrients.

In the following sections we specify the rules that det
mine the spatiotemporal evolution of cells and capillari
Several processes take place: for the molecular species
fusion, absorption, and consumption of nutrients and
2-2
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DIFFUSION WITH EVOLVING SOURCES AND . . . PHYSICAL REVIEW E65 011902
TAF; for the cell species, mitosis and cell transformatio
Since diffusion is very fast compared to the other proces
we will implement it at every time step in the simulatio
while absorption, consumption, mitosis, and cell transform
tions, which are linked to the slower cell metabolism will b
implemented only everyT time steps. The variableiW will be
omitted in what follows whenever no ambiguity ensues.

A. Diffusion

Iteration equations describe the change in molecular c
centrations from timet to time t1t due to diffusion. For the
nutrients we write

pt1t~ iW !5pt1ap(
nW

@pt~nW !2pt#1Sp
t 2Jp , ~1!

wherenW denotes one of the nearest neighbors andap is the
nutrient diffusion coefficient. For simplicity, a single nutrie
species is considered; to introduce more species would
elementary, although cumbersome.Sp

t is the source term
which is nonzero only at those locations where bloo
transporting vessels are present. It is proportional to the
meability of the vessel wall and to the local vessel surfa
area ~and hence toc3). Jp is a sink for the nutrient tha
represents its uptake by HNECs.

TAF diffusion is described by

v t1t~ iW !5~12jv!v t1av(
nW

@v t~nW !2v t#1Sv
t , ~2!

where av is the TAF diffusion coefficient,Sv
t is the TAF

source term, which is nonzero only at the tumor location, a
jv characterizes the decay of unbound TAF. The TAF sou
will be active until the nutrient suffices to provide for th
cancer cell needs. The simplest choice is to assume thatSv

t is
a constant while the source is active. Of course, other cho
would be possible. For instance, TAF production could
pend on the difference between the instantaneous nut
concentration at the tumor location and the concentra
that tumor cells find to be ideal for their development. Alte
natively, the TAF source could be on for a fixed time~simu-
lating, e.g.,in vitro experiments!. Nutrient and TAF absorp-
tion by endothelial cells is introduced below.

The migration of free endothelial cells,c1, is character-
ized by a diffusion coefficienta1,

c1
t1t~ iW !5c1

t 1a1(
nW

@c1
t ~nW !2c1

t #. ~3!

Other cell species are not allowed to move.

B. Absorption and consumption

As relatively slow processes, absorption and consump
are calculated only everyT time steps. In practice we divid
the time interval@ t,t1t# into the two subintervals@ t,t8# and
@ t8,t1t#, wheret5nT (n is an integer! andt85t1t/2. Ab-
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sorption is simulated during the first interval@ t,t8#, while the
second interval is reserved for cell proliferation and transf
mation.

Nutrient absorption is carried out by cell receptors; t
absorbed nutrient is transformed into stored energysk

t . The
number of receptors formed by each cell is defined by
required amount of nutrients: cells consuming more nutrie
develop a larger number of receptors. LetGk be the maxi-
mum nutrient uptake by a single cell in speciesk during each
time stept→t8, expressed in energy units. In general, t
number of receptors on the cell surface is larger than
minimum required to perform the task assigned to the c
However, not every receptor is active, since activation
pends on the nutrient concentration in the cell neighborho
The energy absorbed by a single cell belonging to thekth
population (k51,2) is

gk
t 5GkH 12expF 2

pt

(
l 51

2

G lcl
tG J . ~4!

The factor inside the curly brackets was introduced to ke
track of the partial inactivation of the receptors. It is propo
tional to pt for low nutrient concentrations, while it tends t
unity for high nutrient concentrations. Since cells belongi
to capillary walls (c3) take their nutrient directly from the
blood flow, they do not compete with other cells. Inste
they sense always an inexhaustible amount of nutrient. A
consequence, each cell in this population absorbs an am
of nutrientg3

t 5G3. The total nutrient absorbed by all cells o

speciesk in element iW is gk
t ck

t . The concentration of free
nutrient is correspondingly decreased,

pt85pt2 (
k51

2

gk
t ck

t . ~5!

In normal conditions~no external signals! we may assume
that the cells are in a steady state and we can simply w
gk

t 5bk
t , with bk

t being the total energyconsumedby each
cell to perform its metabolic functions during the time ste
When the external signal~TAF! is introduced, the cell meta
bolic functions are modified; in particular, energy resourc
must be allotted for reproduction. As a consequence, i
convenient to divide the rate of nutrient consumption in
two parts,

bk
t 5b0,k1b1,k exp@2xkGk

t # ~6!

(k51,2,3), whereb0,k is the portion of metabolic consump
tion that is not affected by the signal~basal metabolic rate!.
The second term on the right-hand side is the portion t
depends on the rate of TAF absorption. The parametersb1k
and xk characterize the strength of TAF influence on c
metabolism, whereasGk

t represents the rate of TAF absor
tion by each cell belonging to thekth species. This rate is
linearly dependent on the local TAF concentrationv t and on
an absorption coefficientzk , which is proportional to the
number of active TAF receptors in each cell,
2-3
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SCALERANDI, SANSONE, AND CONDAT PHYSICAL REVIEW E65 011902
Gk
t 5zkv

tY (
l 51

3

cl
t . ~7!

Due to its absorption by the various EC species, the conc
tration of extracellular TAF is reduced according to

v t85v t2 (
k51

3

ck
t Gk

t . ~8!

The amountsk
t8 of stored energy per cell is determined b

the balance between the amounts of energy absorbed pe
(gk

t ) and consumed to perform cellular metabolic functio
(bk

t ),

sk
t85sk

t 1gk
t 2bk

t .

C. Cell proliferation and death

The dynamics of nutrient absorption and consumption
the presence of the TAF has a strong influence on cell po
lations. While the absence of stored nutrient will cause c
lular death, an increase of the stored nutrient beyond
mitosis thresholdMk will allow cells in speciesk to multiply.
As a consequence, cell evolution will depend on the amo

of stored nutrient at timet8,sk
t8 . Defining the energy scale s

that the apoptosis threshold corresponds tosk
t850, three

situations can occur.

~1! If sk
t8,0, cellular death~apoptosis! takes place. The

number of eliminated cells increases with the nutrient def
We write

ck
t85

sk
t 1gk

t

bk
t

ck
t 2jkck

t . ~9!

Sincec1 andc2 cells have limited life cycles, we introduce
the intrinsic death ratesj1 and j2. On the other hand
HNECs andc3 cells have long lifetimes and we can assum
that j05j350. The coefficient of the first term in the righ
hand side of Eq.~9! ensures that the surviving cells are le
with ~just! the amount of stored energy required to perfo
their metabolic function, i.e., after the occurrence of apop

sis the cells surviving in the element havesk
t850.

~2! If 0<sk
t8<Mk , cells will neither starve nor multiply

their number being merely reduced by aging. Therefore,
cell concentrations evolve according to

ck
t85ck

t 2jkck
t . ~10!

~3! If sk
t8.Mk , cellular proliferation occurs, yielding ad

ditional c1 cells. The concentration for these evolves acco
ing to the rule

c1
t85@12j1#c1

t 1 (
k51

3

ld,kH 12tanhFC(
l

cl
tG J ck

t ,

~11!
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whereld,k is the duplication rate of thekth species. The tanh
term was introduced to account for pressure effects~effective
proliferation will be hindered by an increase in the numb
of preexisting cells!. The importance of these effects is me
sured by the parameterC. The evolution rules for the othe
two species are simply

c2
t85@12j2#c2

t ~12!

and

c3
t85c3

t . ~13!

Proliferation implies a redistribution of the energy store
The amount of stored energy is also reduced becaus
mitosis-related consumption. We call the amount consum
per duplicationWk . The nutrient redistribution equations a
easy to obtain but cumbersome. We only write down
equation corresponding to the redistribution when the pa
cell belongs to thec1 class,

s1
t85s1

t F12W1

c1
t82c1

t

c1
t G c1

t

c1
t8

. ~14!

D. Cell transformations

Under suitable conditions, ECs evolve through differe
types. In the simulations these transformations are assu
to occur once everyT time steps, following proliferation, in
the intervals ranging fromt85nT1t/2 to t1t5nT1t. In
each of these intervals, we introduce an intermediate timt1
and perform two sequential steps.

~1! Transformation from free cells to tube-forming cel
(t8→t1). It occurs when the local concentration of free ce

is higher than a given threshold (c1
t8.Qf t). This transforma-

tion, which takes place at a ratel f t , is described by the
following set of equations:

c1
t15@12l f tQ~c1

t82Qf t!#c1
t8 ,

c2
t15c2

t81l f tQ~c1
t82Qf t!c1

t8 ,

s2
t15@c2

t1#21@s2
t8c2

t81l f tQ~c1
t82Qf t!s1

t8c1
t8#,

s1
t15s1

t8 .

Note that the energy stored in the transformingc1 cells is
redistributed among tube-forming cells. No sizable amo
of nutrient is assumed to be consumed in the transforma
process itself. Sincein vitro experiments show that isolate
ECs may form tubes@4#, i.e., tube formation is not necessa
ily a collective effect, we takeQf t50.

~2! Transformation from tube-forming cells to vessel wa
cells (t1→t1t). It occurs when the local concentration o
tube-forming cells is sufficiently high. The correspondin
2-4
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DIFFUSION WITH EVOLVING SOURCES AND . . . PHYSICAL REVIEW E65 011902
thresholdQ is then defined by adding the number of vess
forming cells already present. The numberv of transformed
cells is then

v5Lc2
t1Q@c2

t11c3
t12Q#, ~15!

whereL is the transformation rate andQ is Heaviside’s step
function. Of course, vessel connectivity must be ensured
we must also require thatc3

t1Þ0 at least at one of the neigh
boring nodes. The new interconnected structures increas
local nutrient transport capacity of the vascular system. T
induces the effective widening of the blood vessels feed
the augmented net, and an increase in the blood flow into
adjoining tumor. The proposed mechanism mimics the
crease of the net lateral surface~which is locally proportional
to c3) as we move away from the original vessels. This
crease is consistent with the observation that far from
original vessels there is a large number of thinner capillar
The equations for the cell populations are

c3
t1t5c3

t11v,

c2
t1t5c2

t12v.

We have again a redistribution of stored nutrient,

s3
t1t5@c3

t1t#21@s3
t1c3

t11vs2
t1#,

s2
t1t5s2

t1.

E. Efficiency

Arguably, nature will try to optimize the benefits of th
angiogenic process~from the point of view of the tumor!
while at the same time minimizing its costs. The benefit
clearly the increase in the amount of nutrient available to
tumor. We will estimate this increase by looking at the var
tion in the quantity of free nutrients in the region of dire
contact with the tumor. A measure of the cost is the incre
in the total number of endothelial cells that is required
support the delivery of this additional nutrient. We can th
define the~unnormalized! efficiencye of the angiogenic pro-
cess as@14#

e5S 1

CD(mW
@pmW ~ t→`!2pmW ~ t50!#

(
i

pmW ~ t50!

, ~16!

where(mW runs over all the cells located at the tumor edg
The dimensionless costC is defined as

C5

(
i , j

@ci , j~3,t→`!2ci , j~3,t50!#

(
i , j

ci , j~3,t50!

, ~17!
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where the sum now runs over the entire specimen. Of cou
other definitions of efficiency are possible, but the one
present here is informative and simple to evaluate. We
mark that the concept of efficiency has been recently use
characterize biophysical processes, such as the operatio
molecular motors, under various conditions@31–33#.

III. RESULTS AND DISCUSSION

Due to the complexity of the problem and the simult
neous presence of several cell species, the model neces
contains several parameters. The value of these param
will depend on the type and location of the tumor and on
nature and state of its environment. Some of the parame
will consequently change substantially from one specific
mor to another. We have examined the effects of the va
tions of those parameters, which are qualitatively most
evant. In all cases we tookT5100t. For simplicity, and in
the absence of contradicting data, we have given some o
cellular parameters the same values for the three EC spe
considered. We have takenb0k5b050.01, ld,k5ld50.5,

FIG. 1. Snapshots of the three endothelial species,c1 ~diffusing
ECs!, c2 ~tube-forming ECs!, and c3 ~vessel ECs!, taken at the
indicated times. The initial vessel configuration is evident in thec3

snapshots. The TAF-generating tumor abuts the lower edge o
figures. The linear plots represent the time evolution of the total
number. The arrow indicates the time at which TAF generation
discontinued. See text for the parameter values.
2-5
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SCALERANDI, SANSONE, AND CONDAT PHYSICAL REVIEW E65 011902
Mk5M50.5, xk5x540, Wk5W50.05, andzk5z for all
k. Additionally, ap50.2, av50.1, a150.2, l f t50.1, Qf t
50, L50.9, C51, G350.1, b1350.09, j15j250.005,
jv50, b115b1250.03, G15G250.04, Jp50.004, Sp52
whereverc3Þ0, andSv50.2 while the TAF source is active
The numerical values of the other parameters will be sp
fied later, as needed. In all cases, TAF generation is stop
if the total amount of nutrient reaching the tumor edge
three times the original value. Typically, process complet
requires between 105 and 23105 diffusional steps.

Boundary conditions. The LISA method allows for an ar
bitrary choice of boundary and initial conditions, whic
could be adapted to any specific problem. For the figu
presented here, we take a squareN3N specimen, setting
periodic boundary conditions at its left and right edges. T
lower and upper edges, if tumor-free, will be TAF sinks a
nutrient reflectors. Tumor edges will be nutrient sinks a
TAF sources.c1 cells are not allowed to penetrate the tum

Initial conditions. HNECs are uniformly distributed
through the tissue. Thus,c0

t ( iW)5c0. The initial distribution
of nutrients is obtained by letting the system evolve with
original capillaries but without any TAF source for a ve
long time, until steady-state conditions are reached. Tu
cells and nutrient sources may be arbitrarily distributed.

In order to perform a detailed study of the influence of t
various parameters, we select a simple geometry. The in
capillaries form an inverted T, whose location is described

c3
0~ i , j !5c3

0@d j ,3N/41~d i ,N/21d i ,N/211!Q~ j 23N/4!#,
~18!

where c3
0 is the number of ECs forming the walls of th

initial vessels andd i , j is the Kronecker delta. The tumor i
assumed to be outside the specimen, abutting its lower e

FIG. 2. Effects of changing the rate of TAF absorption (z).
Snapshot rows correspond to the steady-state distributions for
different values of the TAF absorption coefficient. The rest of
parameters are as in Fig. 1. The columns represent, respect
concentrations of unstable tube cells, stable structure cells, and
nutrients.
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Figure 1 shows snapshots of the endothelial cell conc
trations for Q50.3 andz50.1. The concentration of free
diffusing ECs (c1) exhibits a front moving towards the tu
mor. Proliferation is fastest for sprout-leading cells, sin
TAF reaches them without being screened. Some of thec1
cells transform into tube-forming (c2) structures. Note tha
both cell species have almost disappeared byT51000, when
the final structure has consolidated. The evolution of
vessel-forming ECs (c3) with a steady-state maximum in th
tumor neighborhood is evidence of a successful angioge
process. The time evolution of the total cell population
each species is described by the linear plots. Rapid cel
production in the nutrient-rich neighborhood of the origin
vessels gives rise to the fast increase in thec1 andc2 popu-
lations. Thec1 population peaks soon after TAF generation
stopped. The nonzero initial value ofc3 is due to the pres-
ence of the initial vessels.

The spatial distribution of free nutrients~not shown! can

ee

ly,
ee

FIG. 3. ~a! Available nutrient concentration profiles as functio
of distance from the tumor. The original vessel is located atj 525
and the tumor surface is atj 5100. ~b! Total nutrient available to
tumor as a function of time. The parameters are those in Fig
except thatz takes the values specified next to the correspond
curves.
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FIG. 4. ~a! Angiogenic efficiency as a function of TAF absorption rate (z) for x540 and the values of the transformation thresholdQ
detailed in the figure.~b! Regions of successful and failed angiogenesis in the parameter plane (z,Q) for the values of the TAF influence
parameterx indicated in the figure. The successful angiogenesis domain is always below the corresponding separation curve.
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also be studied. Att50, nutrient concentration is highest i
the vicinity of the original vessels; as time evolves, a high
proportion of nutrients becomes available everywhere, w
the maximum being shifted towards the tumor neighborho

Since experimental antiangiogenic therapies freque
focus on reducing the number of active TAF receptors,
examine the effects of varying the TAF absorption ratez,
which is proportional to that number. This is done in Fig
2–4. The snapshots in Fig. 2 depict the steady state for
same parameters as in Fig. 1, except thatz50.05 in the first
row, z50.2 in the second, andz50.25 in the third. The
columns represent, respectively, the distributions of tub
vessels, and free nutrients. The intermediate case,z50.2, is
the most favorable for angiogenic development: in the s
ond row, we see thatc2 has disappeared, whereasc3 andp
have their maxima near the tumor. Ifz is reduced, for in-
stance, through the action of an antiangiogenic drug
binds to the TAF receptors, there is a weaker growth of n
vessels and the increase in available nutrients occurs m
in the neighborhood of the original vessels, being of no gr
relevance to the tumor~first row!. Surprisingly, angiogenesi
is also frustrated by the presence of too many TAF recept
In the third row we see that a dense wall of tubes forms n
the tumor edge, blocking the entrance of TAF to regio
close to the original vessels and of nutrient to the tum
vicinity. Due to the lack of contiguity, they do not transfor
into c3 cells. As a result, the angiogenic process fails,
evidenced by the low final concentration of free nutrients
the tumor neighborhood.

The linear plots in Fig. 3 confirm the view expressed
the preceding paragraph: Fig. 3~a! shows profiles of the dis
tribution of available nutrients. These profiles were obtain
by integratingp along thex direction, i.e., parallel to the
tumor surface. We observe that, ifz50.2, the nutrient distri-
bution is biased towards the tumor, whereas it is more eve
~and thus less efficiently! distributed ifz50.025 orz50.04,
and it is constrained to the initial vessel neighborhood
either z50.02 ~too few receptors! or 0.22 ~too many!. A
different perspective is provided by Fig. 3~b!: The total
amount of nutrients reaching the tumor increases monot
cally for intermediate values ofz but, after an initial rise, it
decreases abruptly whenz is either too small or too large
Under these conditions, the proliferation of nutrien
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consuming endothelial cells in the intervening region wou
starve the tumor completely. The sharp bend observed
intermediate values ofz can be understood as follows:
temporary structure grows not too far from the tumor a
shields the region between itself and the original vess
from TAF. Suddenly, the threshold is overcome at key lo
tions and a very fastc2→c3 transformation occurs.

The angiogenic efficiencye, defined in Eq.~16!, is plotted
in Fig. 4~a! as a function ofz for several values of the thresh
old Q. In all cases,e is a monotonically increasing functio
of z. This was to be expected, because angiogenesis sh
be favored by an increase in the number of TAF recepto
The presence of the threshold increases the efficiency
limiting vessel consolidation~i.e., limiting c3 proliferation!
to regions where there is already a high density of ECs. A
was shown in Fig. 3~b!, however, the simultaneous presen
of a high concentration of TAF receptors and a thresh
frustrates angiogenesis. Therefore, the lines terminate
lower values ofz whenQ is increased. On the other hand,
low concentration of TAF receptors makes it impossible
initiate angiogenesis if there is a finite thresholdQ, because
the required concentration of new ECs can never be reac
Figure 4~b! shows the region in the parameter plane (z,Q)
where we predict successful angiogenesis for various va

FIG. 5. Spatial distribution of vessel-forming ECs. Solid lin
model considered in this paper; dashed line, simplified model w
no tube formation; dotted line, simplified model with no diffusin
cell formation. Only the complete model yields successful ang
genesis.
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FIG. 6. Influence of TAF sen-
sitivity. ~a! Profiles of thec3 dis-
tribution for the TAF influence pa-
rameterx540 and the values of
the signal dependent consumptio
rate b1 specified next to the fig-
ures.~b! Successful and failed an
giogenesis in the parameter plan
(x,b1). See text.
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of the TAF influence parameterx. For each case the succes
ful region is located under the curve. The size of this s
cessful region grows monotonically withx because cells tha
are highly sensitive to the TAF signal will redirect their e
ergetic resources more efficiently towards angiogenic de
opment.

We may ask if it is really necessary to consider three
species. The answer is provided by Fig. 5, where we co
pare thec3 profiles corresponding to the case of Fig. 1 w
those corresponding to the same model when either thc1

~dotted line! or the c2 ~dashed line! species is suppresse
The suppression ofc1 is in practice carried out by allowing
newly formedc1 cells to diffuse one step and then forcin
them to transform immediately intoc2 cells. In both two-
species cases we end up with a high concentration of
vessel growth around the initial vessel, which is noncon
cive to successful angiogenesis. We conclude that, while
mobility of c1 cells is required to ensure rapid growth aw
from the original vessels, the presence of the nonmigra
c2 species is needed to reach concentrations high enoug
permit thec2→c3 transformation.

The effect of EC sensitivity to TAF is explored in Fig
6~a!, where we present steady statec3 profiles for Q50.3,
z50.2 and several values ofb1. For b150.04 and b1
50.055 we obtain successful angiogenesis. Ifb1 is reduced
to 0.016, there is no expansion of the vascular system. D
for intermediate times show that unstable structures form
tween the vessel and the tumor. The thresholdQ impedes the
consolidation of these structures, which block the diffus
of TAF towards the original vessel and frustrate vascu
growth. However, ifb1 is further reduced, a different proces
takes place, with a strong growth of the vascular system
the immediate neighborhood of the original vessel. The
fect of TAF is too weak to permit the growth of the blockin
structures, but it suffices to generate, albeit very slowly
marked amplification of the vascular system near the orig
vessel. This configuration is exhibited by theb150.006
curve. There are therefore three regions in the param
plane (x,b1), which are shown in Fig. 6~b!. High values of
both parameters favor successful angiogenic growth, but
giogenesis always fails for small values ofx. Very low val-
ues ofb1 give rise to the above-mentioned intense grow
around the original vessels. Of course, strong, locali
growth around the original vessels is unlikely: on one ha
growth would be limited by mechanical effects; on the oth
01190
-
-

l-

-

w
-
e

g
to

ta
e-

n
r

in
f-

a
al

ter

n-

d
,

r,

if a vessel diameter grows substantially, its permeability w
probably decrease, restraining growth.

The simple initial configuration~capillaries forming an
inverted T near a flat tumor wall! was chosen in order not to
obscure the parameter analysis with geometric factors
more realistic example was presented in Ref.@14#, where we
set a circular tumor at the lattice center and observed
evolution of the microvessel density, which is proportional
c3, from the original capillaries towards the tumor. The r
sults were in qualitative agreement with observational da

IV. CONCLUSIONS

We have developed a mathematical model that descr
some of the fundamental processes involved in angiogen
The parameters we have defined can be used to quantify
importance of the various ingredients required by the ang
genic process. The model yields predictions that are in ag
ment with experimental observations. For instance, the p
dicted ( ic3( iW) profiles for successful angiogenesis are
qualitative agreement with measured microvessel den
values for lung carcinomas@12#. The model can be easily
employed to predict the effect of a given therapy or com
nation of therapeutical courses specifically directed at
vascular system irrigating the tumor, once the suita
therapy-sensitive parameters are identified. In particular,
have already shown that it suggests an explanation for
observed synergy of some antiangiogenic therapies, indi
ing possible instances of synergic procedures@14#.

Although we have not assumed that TAF has a dir
chemotactic effect, we have seen that the extended vasc
net grows towards the tumor. This directional growth is th
an emergent property of the model, which indicates that i
not necessary to assume that a given TAF has direct che
tactic properties to ensure the successful development of
giogenesis. Of course, direct chemotaxis can be incorpor
in the model; if present, it will essentially speed up vascu
growth. The influence of other processes on vascular gro
can be also investigated in detail. It would be possible,
example, to analyze the effects of VEGF-increased vasc
permeability@34#, or to consider the upregulation by VEG
of its own receptors@35#, the synergistic action of two o
more angiogenesis promoters@4#, or the stabilizing effect of
VEGF @36#. We can also consider the simultaneous appli
tion of different therapeutical tools, investigating the possi
emergence of synergistic action between molecular an
genesis inhibitors and radiation@5# or surgical procedures.
2-8
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In conclusion, we expect that this model will help to s
the discussion of angiogenesis on a more quantitative f
ing. The increased precision furnished by the mathemat
language should help in the interpretation of the action
antiangiogenic agents and in the optimization of antiang
genic therapies.
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