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Diffusion with evolving sources and competing sinks: Development of angiogenesis
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Tumors ensure their long-time growth by emitting molecular messengers that induce cellular modifications
in neighboring capillaries. These modifications are conducive to the enlargement of the vascular system
feeding the tumor. This phenomenon, termed angiogenesis, is controlled by the diffusion and competitive
trapping of nutrients and molecular messengers by several cell species. The number, location, and properties of
these traps change continuously. The angiogenic process also implies that nutrient sources are time dependent.
Starting from assumptions at the cellular level, we formulate a mathematical model that predicts the evolution
of angiogenesis and the increase in the blood flow to the tumor. The model also predicts the emergence of
directed growth and the possibility of therapeutical synergy. Simulations permit a careful analysis of the
influence of the main parameters.
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[. INTRODUCTION In the early stages of cancer growth, tumor cells take their
oxygen and nutrients directly from their immediate environ-
A frustrating element in the fight against cancer is ac-ment. These cells multiply and the tumor grows. When it
quired drug resistance, which is found in 30% of all patientsreaches a size of a few milimeters, or even before, cancer
undergoing chemotheragyl]. Acquired drug resistance is cells, which compete for the available nutrients, begin to
generated by the ability of cancer cells to adapt and modifystarve. They release one or more molecular messengers
In 1997, a paper by Boehm, Folkman, Browder, and O’Reilly[4,15], which we will generally refer to as “tumor angio-
[2] showed that a very promising avenue to treat cancegenic factors”(TAFs). Two very studied angiogenic messen-
would be to inhibit angiogenesis, i.e., the growth of the vasgers are fibroblast growth fact¢FGF and vascular endo-
cular system feeding the tumor. This possibility arises bethelial growth factor (VEGF)—the interaction between
cause endothelial cells, the progenitors of the new capillarVEGF and its receptor on the cell surface being central to the
ies, are genetically more stable than tumor cells, and thusvolution of the embryonic vascular systditil,12. These
much less capable of acquiring drug resistafideVascular messengers signal the endothelial cells lining the capillaries
growth is not only generally necessary for the growth ofin the tumor vicinity that they must reproduce and move.
primary tumors, but it is also a condition for the successfulFollowing their instructions, these cells combine to form
implantation of metastasd8]. Indeed, microvessel density sprouts, which grow and rearrange to extend the tumor-
is a significant prognostic indicat¢#]. Therefore, it is not feeding structur¢16]. The remodeling and consolidation of
surprising that there is now intense experimental activity dithis structure is accompanied by the enlargement and divi-
rected at characterizing and optimizing antiangiogenic therasion of preexisting vessels, which ensure the ability of the
pies and procedurd$—13). Crucially, animal experimental capillary net to feed the tumor. After rearrangement and
models suggest that the synergistic interaction of differenpruning, the emerging vascular net resembles a mature vessel
inhibitors may pave the way for effective anticancer thera-system[16]. The tumor, now well fed, resumes growth at a
pies[5,7,10. In this context, we note that different angiogen- fast rate.
esis inhibitors have been found to have different efficacies Several models have been recently developed for the non-
depending on the angiogenesis stage being tardd@dIt  vascular stage of cancer growth7—24. In our own model
would be therefore profitable to have a manageable mathwe stressed the importance of the competition for nutrients in
ematical model that permitted the visualization of angiogendetermining tumor morphology and growth rd&l]. Here
esis and the evaluation of the influence of variations in thave will show that competition for nutrients is also a deter-
relevant parameters. We have recently developed such rainant for vascular growth. As a rule, there will be a delay
model, indicating how therapeutical synergy may developbetween the start of the TAF diffusion into healthy tissue and
and how directional growth may emer{i&4]. In this paper the increase in the amount of nutrient reaching the tumor.
we perform a careful analysis of the model, investigating theThis delay is due to various cellular processes needed for the
importance and meaning of various parameters, particularlgxpansion and consolidation of the capillary net. Endothelial
for what concerns the reasons for the eventual failure of aneells (EC9 evolve to fulfill different roles during angiogen-
giogenesis, and presenting a more detailed physical picturesis. According to their function, we can consider three types
We also include and discuss the full set of discrete iteratiorof ECs: detached ECs that migrate towards the TAF source,
equations that we use to implement the model. coalescing ECs that form unstable sprouts, and ECs that be-
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long to stable, blood-transporting vessels. We will considein a form suitable for their computational solution using the

these three populations separately, introducing explicit rulefocal interaction simulation approac¢hISA) [29,30. In this

for the transformations between species. Different cell speapproach, the model is directly implemented in terms of dis-

cies will compete for nutrients and for the TAF. crete iteration equations, which allows for its easy adaptation
In 1991, Stokes, Lauffenburger, and Williams formulatedto different situations and geometric constraints.

an angiogenesis model in which sprouts grew following the

path of a single migrating ce]25]. They showed that, in a

purely dynamic model, chemotaxis is needed to orient vas- Il. THE MODEL

cular growth towards the tumor. In this paper we will show  gj544 vessels that initially run in the tumor vicinity will

that new vessels grow in the direction of the tumor even inye 55sumed to be the initial sources of mobile endothelial

the absence of chemotaxis, if we take into account the effectéens_ After the extended vascular net has grown in such a
of the TAF on nutrient utilization: the TAF modifies some way that the tumoral cells become again sufficiently irri-

cellular processes, redirecting the use of energy and favoringaeq; they interrupt TAF production and the vascular net
reproduction(i.e., acting as a growth factorTherefore, re- g g\ves towards its final configuration. Of course, once the
productlon rates will te_nd to be higher in regions containingy,mor increases its volume substantially, new vascular
higher TAF concentrations. As a consequence, the TAF begronth is likely to be required, and there will be a continu-

haves as a mitogenic factor and then, even if no bias is x5 feedback between growing tumor and augmented vascu-
plicitly introduced for cell transport, the capillary net grows |5 gystem. Our angiogenesis model will describe the initial

towards the tumor. _stages of vascular growth. It is built upon the following as-
In their recent work, Holmes and Sleeman analyzed INsumptions 14].

detail the influence of mechanical factors, notably cellular (a) Starving tumor cells generate the TAF.
traction and viscoelasticity, on the development of angiogen- (b) The TAF diffuses in the region surrounding the tumor

esis[2_6]. In this paper We_a}dopt a different po_int of view, gnq signals the ECs to move and reproduce. New EG (
examining how the competition between the various cell spez, 5150 migrate and reproduce. Chemotaxis is not explicitly
cies for the TAF and nutrients impacts the development of. . quced.

the extended vascular net, whereas pressure is explicitly (c) Mobile ECs ;) can coalesce in tubes and sprouts

taken into account only as an inhibitor of cell reproduction.forming temporary structures. We consider tube-forming
We will not be interested in predicting a detailed vascular '

i ; hich Id b fli cells as members of a new species)(
configuration, which would not be very useful in any case, =) once the local EC concentration is sufficiently high,

tumor.

Since different angiogenic inhibitors are likely to act upon
different stages of the angiogenic proc¢$6], it is reason-
able to think that their action modifies different model pa-

—C3 is allowed only when there are preexisting cells in
the immediate neighborhood.
(e) Energy utilization is redirected in ECs detached from

vessels, facilitating reproduction. ECs may reproduce if they

rameters. We have explorgd how the variation Qf some of th%ontain enough stored energy. Daughter cells always belong
most relevant parameters influences the evolution of the Vasy thec species
1 .

cular system fgeding the tmor. To optimizg this process (f) TAF generation is inhibited once the total nutrient
would mean to increase the transport of nutrients to the tufeaching the tumor surpasses a certain threshold.

mor as much as possible with as little an expenditure as (g) Healthy nonendothelial celHNECS play a passive

possible on the expanded vascular system. We will CharaCr'ole and are represented by a constant, uniform nutrient sink.

terize the success of the process by defining an angiogenic To implement the model, we consider a piece of tissue,

efﬁuenc;y. . . . . which we discretize into identical elements. Each element is
In principle, the physical problem is daunting: We have

two diffusing species, the nutrients and the TAF. Both can b&ePresented by a nodelocated at its center. Cells belonging
trapped by various cell types: nutrients by all cells and theo four different populations may occupy elemerdt timet;
TAF by the three EC species. Migrating ECs are really mov4n addition to a fixed numbez,(i) of HNECs, we may have
ing sinks that carry the absorbed nutrient alp2g]. Cellular  three endothelial cell types: Detach@d free) cells that may
division and death imply the nonconservation of the sinkmigrate through the tissue! (i)], cells belonging to tubes
number and the partition of the energetic resources, Where%thout blood flow[ct(r)] and cells belonaing to blood-
cell transformations imply that nutrientand energy flow ) 2.0 g 9 ]

from one cell species to another. Additionally, sources aréonducting vessel$c(i)]. We also associate with each
time dependent, because the number and distribution afode the concentrationg(i) of the TAF andp'(i) of free
blood-transporting vessels changes with time. Although theautrients.

theory of trapping kinetics under various conditions has ad- In the following sections we specify the rules that deter-
vanced a great deal in the last few yef28], the problem mine the spatiotemporal evolution of cells and capillaries.
presented here is certainly unmanageable by analytic tecldeveral processes take place: for the molecular species, dif-
nigues. Fortunately, the model equations can be constructddsion, absorption, and consumption of nutrients and the
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TAF; for the cell species, mitosis and cell transformations.sorption is simulated during the first interja|t’ ], while the

Since diffusion is very fast compared to the other processesecond interval is reserved for cell proliferation and transfor-
we will implement it at every time step in the simulation, mation.

while absorption, consumption, mitosis, and cell transforma- Nutrient absorption is carried out by cell receptors; the

tions, which are linked to the slower cell metabolism will be absorbed nutrient is transformed into stored enerfy The
implemented only every time steps. The variablewill be ~ number of receptors formed by each cell is defined by the
omitted in what follows whenever no ambiguity ensues.  required amount of nutrients: cells consuming more nutrients

develop a larger number of receptors. &t be the maxi-

mum nutrient uptake by a single cell in spedkeduring each
time stept—t’, expressed in energy units. In general, the
Iteration equations describe the change in molecular comumber of receptors on the cell surface is larger than the
cent_rations from timeé to timet+ 7 due to diffusion. For the minimum required to perform the task assigned to the cell.
nutrients we write However, not every receptor is active, since activation de-
pends on the nutrient concentration in the cell neighborhood.

ptt7( f)=pt+apz [pt(ﬁ)—pt]+8‘p—Ep, (1) The energy absorbgd by a single cell belonging to ktie

n population k=1,2) is

A. Diffusion

wheren denotes one of the nearest neighbors apds the 1| 1—exd — p' @)
nutrient diffusion coefficient. For simplicity, a single nutrient Y=k 2 :

species is considered; to introduce more species would be 2 ¢

elementary, although cumberson@&7 is the source term, =1

which is nonzero only at those locations where blood-rne factor inside the curly brackets was introduced to keep
transporting vessels are present. It is proportional t0 the pefacy of the partial inactivation of the receptors. It is propor-
meability of the vessel wall and to the local vessel surfacgjong) 1o pt for low nutrient concentrations, while it tends to
area(and hence tec;). =y is a sink for the nutrient that ity for high nutrient concentrations. Since cells belonging
represents its uptake by HNECs. to capillary walls €;) take their nutrient directly from the
TAF diffusion is described by blood flow, they do not compete with other cells. Instead
they sense always an inexhaustible amount of nutrient. As a
o7 r):(l_gv)vuravz [vt(ﬁ)_vt]_r_sf), 2) consequenge, each cell in this population absorbs an amount
n of nutrienty;=1"3. The total nutrient absorbed by all cells of
speciesk in elementi is yick. The concentration of free
where a, is the TAF diffusion Coefficient,Sf} is the TAF nutrient is Corresponding|y decreased,
source term, which is nonzero only at the tumor location, and
¢, characterizes the decay of unbound TAF. The TAF source - 2 -
will be active until the nutrient suffices to provide for the p-=p —kZl YkCk - )
cancer cell needs. The simplest choice is to assumeSthiat -
a constant while the source is active. Of course, other choices | normal conditiongno external signajsve may assume
would be possible. For instance, TAF production could dethat the cells are in a steady state and we can simply write
pend on the difference between.the instantaneous nutrﬁe k:BL! with ,BL being the total energgonsumecby each
concentration at the tumor location and the concentratioge| 1o perform its metabolic functions during the time step.
that tumor cells find to be ideal for their development. Alter-\yhen the external signdTAF) is introduced, the cell meta-
natively, the TAF source could be on for a fixed tif#mu-  pjic functions are modified: in particular, energy resources
lating, e.g.,in vitro experiments Nutrient and TAF absorp- st he allotted for reproduction. As a consequence, it is

tion by endothelial cells is introduced below. convenient to divide the rate of nutrient consumption into
The migration of free endothelial cellsy, is character- 4, parts

ized by a diffusion coefficien,
Bi= Box+ Bk exd — xiGy] (6)

e (N =ci+ a2 [ci(n)—cil. (3 (k=1,2,3), whereBoy is the portion of metabolic consump-

" tion that is not affected by the signédasal metabolic raje

The second term on the right-hand side is the portion that

depends on the rate of TAF absorption. The parameders

and x, characterize the strength of TAF influence on cell

metabolism, wherea@}( represents the rate of TAF absorp-
As relatively slow processes, absorption and consumptiotion by each cell belonging to thieth species. This rate is

are calculated only everY time steps. In practice we divide linearly dependent on the local TAF concentratidrand on

the time interva[t,t+ 7] into the two subintervalgt,t’] and  an absorption coefficien,, which is proportional to the

[t',t+ 7], wheret=nT (n is an integerandt’ =t+ 7/2. Ab- ~ number of active TAF receptors in each cell,

Other cell species are not allowed to move.

B. Absorption and consumption
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3 wherel 4  is the duplication rate of thkth species. The tanh
Gi= (! / E cl. (7)  term was introduced to account for pressure efféeffective

=1 proliferation will be hindered by an increase in the number
of preexisting cells The importance of these effects is mea-
Cured by the parametdr. The evolution rules for the other
two species are simply

Due to its absorption by the various EC species, the conce
tration of extracellular TAF is reduced according to

3
vt’=vt—k21 clGt. ) ¢y =[1-¢&]ch (12)
) and
The amountr, of stored energy per cell is determined by
the balance between the amounts of energy absorbed per cell
(7 and consumed to perform cellular metabolic functions cg:cg. (13
(B,
Proliferation implies a redistribution of the energy stores.
(,—{(':g{(+ y}(—ﬁ}(_ The amount of stored energy is also reduced because of
mitosis-related consumption. We call the amount consumed
per duplicationW, . The nutrient redistribution equations are
easy to obtain but cumbersome. We only write down the
The dynamics of nutrient absorption and consumption irequation corresponding to the redistribution when the parent
the presence of the TAF has a strong influence on cell popteell belongs to the; class,
lations. While the absence of stored nutrient will cause cel-

C. Cell proliferation and death

lular death, an increase of the stored nutrient beyond the ' —ctlet

mitosis thresholdvl, will allow cells in speciesk to multiply. ot =t 1-W, : . 1]—: (14)

As a consequence, cell evolution will depend on the amount €1 ¢

of stored nutrient at time’,a}(' . Defining the energy scale so

that the apoptosis threshold Correspondsdg/)=0, three D. Cell transformations

situations can occur. Under suitable conditions, ECs evolve through different

QD If o}(/<0, cellular deati{apoptosis takes place. The types. In the simulations these transformations are assumed
number of eliminated cells increases with the nutrient defectto occur once every time steps, following proliferation, in

We write the intervals ranging from’'=nT+7/2 tot+7=nT+ 7. In
each of these intervals, we introduce an intermediate time
N vt Yk . . and perform two sequential steps.
Ck = Ck— &xCk - C) (1) Transformation from free cells to tube-forming cells
B (t"—t4). It occurs when the local concentration of free cells

Sincec, andc, cells have limited life cycles, we introduced IS higher than a given threshold}(>Qy,). This transforma-
the intrinsic death rateg; and &. On the other hand, tion, which takes place at a rate;, is described by the
HNECs andc; cells have long lifetimes and we can assumefollowing set of equations:

that ;= £3=0. The coefficient of the first term in the right-

t1_ t' t'
hand side of Eq(9) ensures that the surviving cells are left ¢ =[1-Ap®(cy —Qrlcy
with (just) the amount of stored energy required to perform
their metabolic function, i.e., after the occurrence of apopto- Ct21:Ct2 A0 (ch —Qf)ct
sis the cells surviving in the element hawg =0.
(2) If 00} <M\, cells will neither starve nor multiply, at21=[ct21]‘1[o‘2/c‘2'+)\ft®(ct1/—th)atl/ctl/],

their number being merely reduced by aging. Therefore, the

cell concentrations evolve according to 4yt
o[ =07 .
Cic = Cic— & (10 . . .
Note that the energy stored in the transformmgcells is

3 If a}('>Mk, cellular proliferation occurs, yielding ad- redlstrl'bute'd among tube-forming ceIIs.'No sizable amount
ditional Is. Th tration for th | dof nutrient is assumed to be consumed in the transformation
d 'Otnathcl cel s. [he concentration for these evolves accor ‘process itself. Sincan vitro experiments show that isolated
Ing to the rule ECs may form tubep4], i.e., tube formation is not necessar-
ily a collective effect, we tak&;;=0.

}CL (2) Transformation from tube-forming cells to vessel wall

cells (t;—t+ 7). It occurs when the local concentration of
(1)  tube-forming cells is sufficiently high. The corresponding

3
e =[1—-&]ct+ > )\d,k( 1—tanr{\lf2 c|
k=1 |
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thresholdQ is then defined by adding the number of vessel- (1) c(2) c(3)

forming cells already present. The numbeof transformed
cells is then

w=AcO[cl+cl—Q], (15)

T=200-
whereA is the transformation rate arfdl is Heaviside’s step ~ T=4%
function. Of course, vessel connectivity must be ensured, sc
we must also require thaf;aéo at least at one of the neigh-

600-

boring nodes. The new interconnected structures increase th

local nutrient transport capacity of the vascular system. This . _

induces the effective widening of the blood vessels feeding

the augmented net, and an increase in the blood flow into the

adjoining tumor. The proposed mechanism mimics the in- _
crease of the net lateral surfa@ehich is locally proportional

to c3) as we move away from the original vessels. This in- 1_,4
crease is consistent with the observation that far from the
original vessels there is a large number of thinner capillaries.

The equations for the cell populations are

cy = ct31+ o, 007 — ol
600 «2)
. 500
¢y '=ci-w. 400
300
. o . 200
We have again a redistribution of stored nutrient, 100
. 1t . 007100 200 300 400 500 600 700 800 900 1000
- - 1~41 1
o3 '=[c3 [o3Cs+wa,], Tlarb.units]
Ut2+T: ol FIG. 1. Snapshots of the three endothelial specgsdiffusing
5

ECs9, ¢, (tube-forming ECy and c5 (vessel ECk taken at the
indicated times. The initial vessel configuration is evident indhe
E. Efficiency snapshots. The TAF-generating tumor abuts the lower edge of the

. o ) figures. The linear plots represent the time evolution of the total cell
Arguably, nature will try to optimize the benefits of the number. The arrow indicates the time at which TAF generation is

angiogenic proceséf_rom the_ p_oi_nt O.f view of the tum()r_ . discontinued. See text for the parameter values.
while at the same time minimizing its costs. The benefit is

clearly the increase in the amount of nutrient available to the
tumor. We will estimate this increase by looking at the varia-
tion in the quantity of free nutrients in the region of direct
contact with the tumor. A measure of the cost is the increas

where the sum now runs over the entire specimen. Of course,
8ther definitions of efficiency are possible, but the one we

in the total number of endothelial cells that is required topreskeg: T?;e IS mforrt'na;tlv; a}nd swr?plebto evaluatttle. We dr(?[
support the delivery of this additional nutrient. We can thysMark that the concept ot-€efliciency has been recently used to
define the(unnormalized efficiencye of the angiogenic pro- characterize biophysical processes, such as the operation of

cess ag14] molecular motors, under various conditidrdd—33.
E [Pr(t—2)—pHt=0)] Ill. RESULTS AND DISCUSSION
e:(_ m , (16) Due to the complexity of the problem and the simulta-
C 2 pr(t=0) neous presence of several cell species, the model necessarily
- m
1

contains several parameters. The value of these parameters
will depend on the type and location of the tumor and on the
where = ;, runs over all the cells located at the tumor edge.nature and state of its environment. Some of the parameters
The dimensionless co§ is defined as will consequently change substantially from one specific tu-
mor to another. We have examined the effects of the varia-
tions of those parameters, which are qualitatively most rel-

iEj [Ci,j(3t—=2)—¢i(3t=0)] evant. In all cases we todk=100r. For simplicity, and in
C=— , (17)  the absence of contradicting data, we have given some of the
2 c(3t=0) cellular parameters the same values for the three EC species

considered. We have takeBy,= Bo=0.01, N g x==Nq=0.5,
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c(2) E) p 120

- - -
- - -
450

FIG. 2. Effects of changing the rate of TAF absorptiaf).( 400 |
Snapshot rows correspond to the steady-state distributions for thre
different values of the TAF absorption coefficient. The rest of the _ 350+
parameters are as in Fig. 1. The columns represent, respectivehs 300 |
concentrations of unstable tube cells, stable structure cells, and fre’E

0.025
1000:&__: 0.04 0.2

800

6007,

4001

nutrient concentration

2001

0 20 40 60 80 100
(@) j [arb. units]

nutrients. g 250}
(]
My =M=0.5, y,= x=40, W,=W=0.05, and,=¢ forall = 2%t
k. Additionally, @,=0.2, a,=0.1, @;=0.2, \;=0.1, Qy s 150]
=0, A=0.9, =1, I'3=0.1, B43=0.09, & =¢£,=0.005, = 100
£,=0, B11=pB1,=0.03, I'1=1",=0.04, Z,=0.004, S,=2 i
whereverc;# 0, andS,= 0.2 while the TAF source is active. 50 |
The numerical values of the other parameters will be speci- , . . , , . .
fied later, as needed. In all cases, TAF generation is stoppe 0 200 400 600 800 1000 1200 1400 1600
if the total amount of nutrient reaching the tumor edge is Tlarb.units]

three times the original value. Typically, process completion

rqulresdbetweer:j.fmnq”?( i?;:'ﬁustlr?ngl T,lteps.f of distance from the tumor. The original vessel is locate@-ap5

bi oun r?ry Conf Igonsd € d”?e. 'OI a O(\j'\,/s. oran ﬁ,r'h and the tumor surface is @t=100. (b) Total nutrient available to
itrary choice of boundary and initial conditions, whic tumor as a function of time. The parameters are those in Fig. 1,

could be adapted to any specific problem. For the figureg, cent that; takes the values specified next to the corresponding
presented here, we take a squi& N specimen, setting . nes.

periodic boundary conditions at its left and right edges. The
lower and upper edges, if tumor-free, will be TAF sinks and
nutrient reflectors. Tumor edges will be nutrient sinks and  Figyre 1 shows snapshots of the endothelial cell concen-
TAF sourcesc; cells are not allowed to penetrate the tumor. ya1ions forQ=0.3 and¢=0.1. The concentration of free,
Initial conditions. HNEC} are uniformly distributed diffusing ECs €,) exhibits a front moving towards the tu-
through the tissue. Thusg(i)=co. The initial distribution  mor. Proliferation is fastest for sprout-leading cells, since
of nutrients is obtained by letting the system evolve with theTAF reaches them without being screened. Some ofcthe
original capillaries but without any TAF source for a very cells transform into tube-formingcg) structures. Note that
long time, until steady-state conditions are reached. Tumoloth cell species have almost disappeared 5y1000, when
cells and nutrient sources may be arbitrarily distributed.  the final structure has consolidated. The evolution of the
In order to perform a detailed study of the influence of thevessel-forming ECsd) with a steady-state maximum in the
various parameters, we select a simple geometry. The initidimor neighborhood is evidence of a successful angiogenic
capillaries form an inverted T, whose location is described b)process, The time evolution of the total cell population in
each species is described by the linear plots. Rapid cell re-
0/i iy—Or s _ _ P production in the nutrient-rich neighborhood of the original
C3(1:1)=Cal 0 aniat (Sino G 1) O ] 3N/4)]’(18) vessels gives rise to the fast increase in¢h@ndc, popu-
lations. Thec, population peaks soon after TAF generation is
where c3 is the number of ECs forming the walls of the stopped. The nonzero initial value of is due to the pres-
initial vessels and, ; is the Kronecker delta. The tumor is ence of the initial vessels.
assumed to be outside the specimen, abutting its lower edge. The spatial distribution of free nutrienfaot shown can

FIG. 3. (a) Available nutrient concentration profiles as functions
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0.10

05T &
——Q-0.25 S ot 4 4=70
0.081 —*~Q=0.2 4 —0 % .
—v—Q=0.15 / é :
——Q=0.1 g . v
0.06 J z x
® /./ / = .
e =l
0.04 A o &
yoree i
"éé“glg-‘/' v
X
0.02 ; . . . 0.0 . ; . :
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0..6 0.8 1.0
¢ [arb. units] ¢ [arb. units]

FIG. 4. (a) Angiogenic efficiency as a function of TAF absorption rafg {or x=40 and the values of the transformation threshgld
detailed in the figure(b) Regions of successful and failed angiogenesis in the parameter @aDg for the values of the TAF influence
parametely indicated in the figure. The successful angiogenesis domain is always below the corresponding separation curve.

also be studied. At=0, nutrient concentration is highest in consuming endothelial cells in the intervening region would
the vicinity of the original vessels; as time evolves, a higherstarve the tumor completely. The sharp bend observed for
proportion of nutrients becomes available everywhere, withintermediate values of can be understood as follows: A
the maximum being shifted towards the tumor neighborhoodtemporary structure grows not too far from the tumor and
Since experimental antiangiogenic therapies frequentlghields the region between itself and the original vessels
focus on reducing the number of active TAF receptors, wdrom TAF. Suddenly, the threshold is overcome at key loca-
examine the effects of varying the TAF absorption réte tions and a very fast,— c5 transformation occurs.
which is proportional to that number. This is done in Figs. The angiogenic efficiencg, defined in Eq(16), is plotted
2—-4. The snapshots in Fig. 2 depict the steady state for th@ Fig. 4(a) as a function of for several values of the thresh-
same parameters as in Fig. 1, except fa0.05 in the first  old Q. In all casesg is a monotonically increasing function
row, {=0.2 in the second, and=0.25 in the third. The of {. This was to be expected, because angiogenesis should
columns represent, respectively, the distributions of tubesye favored by an increase in the number of TAF receptors.
vessels, and free nutrients. The intermediate casd).2, is  The presence of the threshold increases the efficiency by
the most favorable for angiogenic development: in the seclimiting vessel consolidatiori.e., limiting c5 proliferation
ond row, we see that, has disappeared, whereagsandp  to regions where there is already a high density of ECs. As it
have their maxima near the tumor. §fis reduced, for in- was shown in Fig. @), however, the simultaneous presence
stance, through the action of an antiangiogenic drug thaof a high concentration of TAF receptors and a threshold
binds to the TAF receptors, there is a weaker growth of newrustrates angiogenesis. Therefore, the lines terminate at
vessels and the increase in available nutrients occurs mostlgwer values off whenQ is increased. On the other hand, a
in the neighborhood of the original vessels, being of no grealow concentration of TAF receptors makes it impossible to
relevance to the tumdfirst row). Surprisingly, angiogenesis initiate angiogenesis if there is a finite thresh@gdbecause
is also frustrated by the presence of too many TAF receptorghe required concentration of new ECs can never be reached.
In the third row we see that a dense wall of tubes forms neaFigure 4b) shows the region in the parameter pladeQ)
the tumor edge, blocking the entrance of TAF to regionswhere we predict successful angiogenesis for various values
close to the original vessels and of nutrient to the tumor
vicinity. Due to the lack of contiguity, they do not transform 70

into c; cells. As a result, the angiogenic process fails, as
evidenced by the low final concentration of free nutrients in 600
the tumor neighborhood. 50

The linear plots in Fig. 3 confirm the view expressed in T
the preceding paragraph: FigiaBshows profiles of the dis- & 400 g
tribution of available nutrients. These profiles were obtaineds. 300 z
by integratingp along thex direction, i.e., parallel to the = 200
tumor surface. We observe that i 0.2, the nutrient distri-
bution is biased towards the tumor, whereas it is more evenly 109 ‘
(and thus less efficientlydistributed if{=0.025 or{=0.04, 0o 2 m 0 20 100

and it is constrained to the initial vessel neighborhood if
either {=0.02 (too few receptornsor 0.22 (too many. A
different perspective is provided by Fig(t3: The total FIG. 5. Spatial distribution of vessel-forming ECs. Solid line,
amount of nutrients reaching the tumor increases monotoninodel considered in this paper; dashed line, simplified model with
cally for intermediate values af but, after an initial rise, it no tube formation; dotted line, simplified model with no diffusing
decreases abruptly whehis either too small or too large. cell formation. Only the complete model yields successful angio-
Under these conditions, the proliferation of nutrient- genesis.

j [arb. units]
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600 0.06 2
500 0.057 Py AT ; FIG. 6. Influence of TAF sen-
— successful sitivity. (a) Profiles of thecs dis-
a A0 = = 0.041 % angiogenesis tribution for the TAF influence pa-
o ) _
2 300 = ,03_ : rame_terX—40 and the values c_)f
= = failed ° the signal dependent consumption
200 ;0.02- angiogenesis I)  ° ' , rate B, specified next to the fig-
= Rl 'd' “aa ures.(b) Successful and failed an-
100 B,=0. 0.01- I ale v . .
- . " angiogenesis (IT) giogenesis in the parameter plane
09 20 40 60 8 100 0 20 40 60 8 100 (x.B1). See text.
(@) j [arb. units] () % [arb. units]

of the TAF influence parametegr. For each case the success-if a vessel diameter grows substantially, its permeability will
ful region is located under the curve. The size of this sucprobably decrease, restraining growth.

cessful region grows monotonically wighbecause cells that ~ The simple initial configuratior(capillaries forming an
are highly sensitive to the TAF signal will redirect their en- inverted T near a flat tumor wallvas chosen in order not to

ergetic resources more efficiently towards angiogenic deve@PScure the parameter analysis with geometric factors. A
opment. more realistic example was presented in R&fl], where we

We mav ask if it is reallv necessary to consider three ECset a circular tumor at the lattice center and observed the
y askiritis y ssary S| evolution of the microvessel density, which is proportional to

species. The answer is provided by Fig. 5, where we comz_om the original capillaries towards the tumor. The re-
pare thecs profiles corresponding to the case of Fig. 1 with gyits were in qualitative agreement with observational data.
those corresponding to the same model when eithercthe

(dotted ling or the c, (dashed ling species is suppressed. IV. CONCLUSIONS

The suppression di, is in practice carried out by allowing  \ye phaye developed a mathematical model that describes
newly formedc, cells to diffuse one step and then forcing g me of the fundamental processes involved in angiogenesis.
them. to transform |mmed|atg|y into, cells. In bot_h WO The parameters we have defined can be used to quantify the
species cases we end up with a high concentration of newnportance of the various ingredients required by the angio-
vessel grOWth around the initial Vessel, which is nOﬂCOﬂdUgeniC process. The model y|e|ds predictions that are in agree-
cive to successful angiogenesis. We conclude that, while thgient with experimental observations. For instance, the pre-
mobility of ¢, cells is required to ensure rapid growth away gicted ,c4(i) profiles for successful angiogenesis are in
from the original vessels, the presence of the nonmigratingajitative agreement with measured microvessel density
C, species is needed to reach concentrations high enough {@jues for lung carcinomall?]. The model can be easily
permit thec,— c3 transformation. employed to predict the effect of a given therapy or combi-
The effect of EC sensitivity to TAF is explored in Fig. nation of therapeutical courses specifically directed at the
6(a), where we present steady stateprofiles forQ=0.3,  vascular system irrigating the tumor, once the suitable
{=0.2 and several values g8;. For 8;=0.04 andB;  therapy-sensitive parameters are identified. In particular, we
=0.055 we obtain successful angiogenesis3{fis reduced have already shown that it suggests an explanation for the
to 0.016, there is no expansion of the vascular system. Dalgbserved synergy of some antiangiogenic therapies, indicat-
for intermediate times show that unstable structures form béing possible instances of synergic proceduyres.
tween the vessel and the tumor. The thresi@idchpedes the Although we have not assumed that TAF has a direct
consolidation of these structures, which block the diffusionchemotactic effect, we have seen that the extended vascular
of TAF towards the original vessel and frustrate vasculamet grows towards the tumor. This directional growth is thus
growth. However, if3, is further reduced, a different process an emergent property of the model, which indicates that it is
takes place, with a strong growth of the vascular system imot necessary to assume that a given TAF has direct chemo-
the immediate neighborhood of the original vessel. The eftactic properties to ensure the successful development of an-
fect of TAF is too weak to permit the growth of the blocking giogenesis. Of course, direct chemotaxis can be incorporated
structures, but it suffices to generate, albeit very slowly, dn the model; if present, it will essentially speed up vascular
marked amplification of the vascular system near the originagrowth. The influence of other processes on vascular growth
vessel. This configuration is exhibited by th#=0.006 can be also investigated in detail. It would be possible, for
curve. There are therefore three regions in the parametgixample, to analyze the effects of VEGF-increased vascular
plane (x,31), which are shown in Fig.(®). High values of  permeability[34], or to consider the upregulation by VEGF
both parameters favor successful angiogenic growth, but arf its own receptorg35], the synergistic action of two or
giogenesis always fails for small values pfVery low val-  more angiogenesis promotd#d, or the stabilizing effect of
ues of B; give rise to the above-mentioned intense growthVEGF [36]. We can also consider the simultaneous applica-
around the original vessels. Of course, strong, localizedion of different therapeutical tools, investigating the possible
growth around the original vessels is unlikely: on one handemergence of synergistic action between molecular angio-
growth would be limited by mechanical effects; on the othergenesis inhibitors and radiatigs] or surgical procedures.
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In conclusion, we expect that this model will help to set ACKNOWLEDGMENTS
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